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We formulate the equations of equilibrium of neutron stars taking into account strong, weak,
electromagnetic, and gravitational interactions within the framework of general relativity. The nu-
clear interactions are described by the exchange of the σ, ω, and ρ virtual mesons. The equilibrium
conditions are given by our recently developed theoretical framework based on the Einstein-Maxwell-
Thomas-Fermi equations along with the constancy of the general relativistic Fermi energies of par-
ticles, the “Klein potentials”, throughout the configuration. The equations are solved numerically
in the case of zero temperatures and for selected parameterizations of the nuclear models. The
solutions lead to a new structure of the star: a positively charged core at supranuclear densities
surrounded by an electronic distribution of thickness ∼ h¯/(mec) ∼ 10
2h¯/(mpic) of opposite charge,
as well as a neutral crust at lower densities. Inside the core there is a Coulomb potential well of
depth ∼ mpic
2/e. The constancy of the Klein potentials in the transition from the core to the
crust, impose the presence of an overcritical electric field ∼ (mpi/me)
2Ec, the critical field being
Ec = m
2
ec
3/(eh¯). The electron chemical potential and the density decrease, in the boundary in-
terface, until values µcruste < µ
core
e and ρcrust < ρcore. For each central density, an entire family of
core-crust interface boundaries and, correspondingly, an entire family of crusts with different mass
and thickness, exist. The configuration with ρcrust = ρdrip ∼ 4.3 × 10
11 g/cm3 separates neutron
stars with and without inner crust. We present here the novel neutron star mass-radius for the
especial case ρcrust = ρdrip and compare and contrast it with the one obtained from the traditional
Tolman-Oppenheimer-Volkoff treatment.
I. INTRODUCTION
It is well known that the classic works of Tolman [1]
and of Oppenheimer and Volkoff [2], for short TOV, ad-
dresses the problem of neutron star equilibrium configu-
rations composed only of neutrons. For the more general
case when protons and electrons are also considered, in all
of the scientific literature on neutron stars it is assumed
that the condition of local charge neutrality applies iden-
tically to all points of the equilibrium configuration (see
e.g. [3]). Consequently, the corresponding solutions in
this more general case of a non-rotating neutron star,
are systematically obtained also on the base of the TOV
equations.
In general, the formulation of the equilibrium of sys-
tems composed by different particle species must be es-
tablished within the framework of statistical physics of
multicomponent systems; see e.g. [4]. Thermodynamic
equilibrium of these systems is warrantied by demand-
ing the constancy throughout the configuration of the
generalized chemical potentials, often called “electro-
chemical”, of each of the components of the system; see
e.g. [5–7]. Such generalized potentials include not only
∗Electronic address: ruffini@icra.it
the contribution due to kinetic energy but also the contri-
bution due to the potential fields, e.g. gravitational and
electromagnetic potential energies per particle, and in the
case of rotating stars also the centrifugal potential. For
such systems in presence of gravitational and Coulomb
fields, global electric polarization effects at macroscopic
scales occur. The balance of the gravitational and electric
forces acting on ions and electrons in ideal electron-ion
plasma leading to the occurrence of gravito-polarization
was pointed out in the classic work of S. Rosseland [8].
If one turns to consider the gravito-polarization effects
in neutron stars, the corresponding theoretical treatment
acquires remarkable conceptual and theoretical com-
plexity, since it must be necessarily formulated consis-
tently within the Einstein-Maxwell system of equations.
O. Klein, in [5], first introduced the constancy of the gen-
eral relativistic chemical potential of particles, hereafter
“Klein potentials”, in the study of the thermodynamic
equilibrium of a self-gravitating one-component fluid of
neutral particles throughout the configuration within the
framework of general relativity. The extension of the
Klein’s work to the case of neutral multicomponent de-
generate fluids can be found in [6] and to the case of
multi-component degenerate fluid of charged particles in
[7].
Using the concept of Klein potentials, we have re-
cently proved the impossibility of imposing the condition
2of local charge neutrality in the simplest case of a self-
gravitating system of degenerate neutrons, protons and
electrons in β-equilibrium [9]: it has been shown that
the consistent treatment of the above system implies the
solution of the general relativistic Thomas-Fermi equa-
tions, coupled with the Einstein-Maxwell ones, being the
TOV equations thus superseded.
We have recently formulated the theory of a system of
neutrons, protons and electrons fulfilling strong, electro-
magnetic, weak and gravitational interactions [10]. The
role of the Klein first integrals has been again evidenced
and their theoretical formulation in the Einstein-Maxwell
background and in the most general case of finite temper-
ature has been there presented, generalizing the previous
results for the “non-interacting” case [9]. The strong in-
teractions, modeled by a relativistic nuclear theory, are
there described by the introduction of the σ, ω and ρ
virtual mesons [11–14] (see Subsec. II A for details).
In this article we construct for the first time the equi-
librium configurations of non-rotating neutron stars fol-
lowing the new approach, [9, 10]. The full set of the
Einstein-Maxwell-Thomas-Fermi equations is solved nu-
merically for zero temperatures and for selected param-
eterizations of the nuclear model. We use units with
h¯ = c = 1 throughout the article.
II. THE CONSTITUTIVE RELATIVISTIC
EQUATIONS
A. Core Equations
It has been clearly recognized that, since neutron stars
cores may reach density of order ∼ 1016–1017 g/cm3,
much larger than the nuclear density ρnuc ∼ 2.7 × 1014
g/cm3, approaches for the nuclear interaction between
nucleons based on phenomenological potentials and non-
relativistic many-body theories become inapplicable (see
[13, 14]). A self-consistent relativistic and well-tested
model for the nuclear interactions has been formulated
in [11–14]. Within this model the nucleons interact with
σ, ω and ρ mesons through Yukawa-like couplings and
assuming flat spacetime the equation of state of nuclear
matter has been determined. However, it has been clearly
stated in [9, 10] that, when we turn into a neutron star
configuration at nuclear and supranuclear, the global de-
scription of the Einstein-Maxwell-Thomas-Fermi equa-
tions is mandatory. Associated to this system of equa-
tions there is a sophisticated eigenvalue problem, espe-
cially the one for the general relativistic Thomas-Fermi
equation is necessary in order to fulfill the global charge
neutrality of the system and to consistently describe the
confinement of the ultrarelativistic electrons.
The strong interactions between nucleons are described
by the exchange of three virtual mesons: σ is an isoscalar
meson field providing the attractive long-range part of
the nuclear force; ω is a massive vector field that models
the repulsive short range and; ρ is the massive isovector
field that takes account surface as well as isospin effects
of nuclei (see also [15, 16]).
The total Lagrangian density of the system is given by
L = Lg + Lf + Lσ + Lω + Lρ + Lγ + Lint, (1)
where the Lagrangian densities for the free-fields are
Lg = − R
16πG
, (2)
Lγ = − 1
16π
FµνF
µν , (3)
Lσ = 1
2
∇µσ∇µσ − U(σ), (4)
Lω = −1
4
ΩµνΩ
µν +
1
2
m2ωωµω
µ, (5)
Lρ = −1
4
RµνRµν + 1
2
m2ρρµρ
µ, (6)
where Ωµν ≡ ∂µων − ∂νωµ, Rµν ≡ ∂µρν − ∂νρµ, Fµν ≡
∂µAν − ∂νAµ are the field strength tensors for the ωµ, ρ
and Aµ fields respectively,∇µ stands for covariant deriva-
tive and R is the Ricci scalar. We adopt the Lorenz
gauge for the fields Aµ, ωµ, and ρµ. The self-interaction
scalar field potential U(σ) is a quartic-order polynom for
a renormalizable theory (see e.g. [17]).
The Lagrangian density for the three fermion species
is
Lf =
∑
i=e,N
ψ¯i (iγ
µDµ −mi)ψi, (7)
where ψN is the nucleon isospin doublet, ψe is the elec-
tronic singlet, mi states for the mass of each particle-
specie and Dµ = ∂µ + Γµ, being Γµ the Dirac spin con-
nections.
The interacting part of the Lagrangian density is, in
the minimal coupling assumption, given by
Lint = −gσσψ¯NψN − gωωµJµω − gρρµJµρ
+ eAµJ
µ
γ,e − eAµJµγ,N , (8)
where the conserved currents are
Jµω = ψ¯Nγ
µψN , (9)
Jµρ = ψ¯Nτ3γ
µψN , (10)
Jµγ,e = ψ¯eγ
µψe, (11)
Jµγ,N = ψ¯N
(
1 + τ3
2
)
γµψN . (12)
The coupling constants of the σ, ω and ρ-fields are gσ,
gω and gρ, and e is the fundamental electric charge. The
Dirac matrices γµ and the isospin Pauli matrices satisfy
the Dirac algebra in curved spacetime (see e.g. [18] for
details).
We first introduce the non-rotating spherically sym-
metric spacetime metric
ds2 = eν(r)dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdϕ2, (13)
3where the ν(r) and λ(r) are only functions of the radial
coordinate r.
For very large number of fermions, we adopt the mean-
field approximation in which fermion-field operators are
replaced by their expectation values (see [19] for details).
Within this approximation, the full system of general rel-
ativistic equations can be written in the form
e−λ(r)
(
1
r2
− 1
r
dλ
dr
)
− 1
r2
= −8πGT 00 , (14)
e−λ(r)
(
1
r2
+
1
r
dν
dr
)
− 1
r2
= −8πGT 11 , (15)
V ′′ +
2
r
V ′
[
1− r(ν
′ + λ′)
4
]
=
−4πe eν/2eλ(np − ne), (16)
d2σ
dr2
+
dσ
dr
[
2
r
+
1
2
(
dν
dr
− dλ
dr
)]
=
eλ [∂σU(σ) + gsns] , (17)
d2ω
dr2
+
dω
dr
[
2
r
− 1
2
(
dν
dr
+
dλ
dr
)]
=
−eλ (gωJω0 −m2ωω) , (18)
d2ρ
dr2
+
dρ
dr
[
2
r
− 1
2
(
dν
dr
+
dλ
dr
)]
=
−eλ (gρJρ0 −m2ρρ) , (19)
EFe = e
ν/2µe − eV = constant, (20)
EFp = e
ν/2µp + Vp = constant, , (21)
EFn = e
ν/2µn + Vn = constant, , (22)
where we have introduced the notation ω0 = ω, ρ0 = ρ,
and A0 = V for the temporal components of the meson-
fields. Here µi = ∂E/∂ni =
√
(PFi )
2 + m˜2i and ni =
(PFi )
3/(3π2) are the free-chemical potential and number
density of the i-specie with Fermi momentum PFi . The
particle effective mass is m˜N = mN + gsσ and m˜e = me
and the effective potentials Vp,n are given by
Vp = gωω + gρρ+ eV , (23)
Vn = gωω − gρρ . (24)
The constancy of the generalized Fermi energies EFn ,
EFp and E
F
e , the Klein potentials, derives from the ther-
modynamic equilibrium conditions given by the statis-
tical physics of multicomponent systems, applied to a
system of degenerate neutrons, protons, and electrons
within the framework of general relativity (see [10] for
details). These constants are linked by the β-equilibrium
between the matter constituents
EFn = E
F
p + E
F
e . (25)
The electron density ne is, via Eq. (20), given by
ne =
e−3ν/2
3π2
[Vˆ 2 + 2meVˆ −m2e(eν − 1)]3/2 , (26)
where Vˆ ≡ eV +EFe . Substituting Eq.( 26) into Eq. (16)
one obtains the general relativistic extension of the rel-
ativistic Thomas-Fermi equation recently introduced for
the study of compressed atoms [20, 21]. This system of
equations has to be solved with the boundary condition
of global neutrality; see [9, 10] and below for details.
The scalar density ns, within the mean-field approxi-
mation, is given by the following expectation value
ns = 〈ψ¯NψN 〉 = 2
(2π)3
∑
i=n,p
∫
d3k
m˜N
ǫi(p)
, (27)
where ǫi(p) =
√
p2 + m˜2i is the single particle energy.
In the static case, only the temporal components of
the covariant currents survive, i.e. 〈ψ¯(x)γiψ(x)〉 = 0.
Thus, by taking the expectation values of Eqs. (9)–(12),
we obtain the non-vanishing components of the currents
Jch0 = nchu0 = (np − ne)u0, (28)
Jω0 = nbu0 = (nn + np)u0, (29)
Jρ0 = n3u0 = (np − nn)u0, (30)
where nb = np + nn is the baryon number density and
u0 =
√
g00 = e
ν/2 is the covariant temporal component
of the four-velocity of the fluid, which satisfies uµuµ = 1.
The metric function λ is related to the massM(r) and
the electric field E(r) = −e−(ν+λ)/2V ′ through
e−λ(r) = 1− 2GM(r)
r
+Gr2E2(r)
= 1− 2GM(r)
r
+
GQ2(r)
r2
, (31)
being Q(r) the conserved charge, related to the electric
field by Q(r) = r2E(r).
The energy-momentum tensor of free-fields and free-
fermions T µν of the system is
T µν = T µνf + T
µν
γ + T
µν
σ + T
µν
ω + T
µν
ρ , (32)
where
T µνγ =
1
4π
(
FµαF
αν +
1
4
gµνFαβF
αβ
)
, (33)
T µνσ = ∇µσ∇νσ − gµν
[
1
2
∇σσ∇σσ − U(σ)
]
, (34)
T µνω = Ω
µ
αΩ
αν +
1
4
gµνΩαβΩ
αβ
+ m2ω
(
ωµων − 1
2
gµνωαω
α
)
, (35)
T µνρ = RµαRαν +
1
4
gµνRαβRαβ
+ m2ρ
(
RµRν − 1
2
gµνRαωα
)
, (36)
T µνf = (E + P)uµuν − Pgµν, (37)
where the energy-density E and the pressure P are given
by
E =
∑
i=n,p,e
Ei, P =
∑
i=n,p,e
Pi, (38)
4being Ei and Pi the single fermion fluid contributions
Ei = 2
(2π)3
∫ PF
i
0
ǫi(p) 4πp
2dp, (39)
Pi = 1
3
2
(2π)3
∫ PF
i
0
p2
ǫi(p)
4πp2dp. (40)
It is worth to recall that the equation of state (38)–(40)
satisfies the thermodynamic law
E + P =
∑
i=n,p,e
niµi. (41)
The parameters of the nuclear model, namely the cou-
pling constants gs, gω and gρ, and the meson masses
mσ, mω and mρ are usually fixed by fitting experimen-
tal properties of nuclei, e.g. saturation density, binding
energy per nucleon (or experimental masses), symmetry
energy, surface energy, and nuclear incompressibility. In
Table I we present selected fits of the nuclear parameters.
In particular, we show the following parameter sets: NL3
[22], NL-SH [23], TM1 [24], and TM2 [25].
NL3 NL-SH TM1 TM2
mσ (MeV) 508.194 526.059 511.198 526.443
mω (MeV) 782.501 783.000 783.000 783.000
mρ (MeV) 763.000 763.000 770.000 770.000
gs 10.2170 10.4440 10.0289 11.4694
gω 12.8680 12.9450 12.6139 14.6377
gρ 4.4740 4.3830 4.6322 4.6783
g2 (fm
−1) -10.4310 -6.9099 -7.2325 -4.4440
g3 -28.8850 -15.8337 0.6183 4.6076
c3 0.0000 0.0000 71.3075 84.5318
TABLE I: Selected parameter sets of the σ-ω-ρ model.
The constants g2 and g3 are the third and fourth order
constants of the self-scalar interaction as given by the
scalar self-interaction potential
U(σ) =
1
2
m2σσ
2 +
1
3
g2σ
3 +
1
4
g3σ
4 . (42)
The non-zero constant c3 that appears in the TM1 and
TM2 models corresponds to the self-coupling constant
of the non-linear vector self-coupling 14c3(ωµω
µ)2. We
have not include such a self-coupling vector interaction
in the general formulation presented above. However, we
show also here the results of the integration when such
a self-interaction is taken into account and we refer to
[24, 25] for details about the motivations of including
that contribution.
The numerical integration of the core equations can be
started given a central density and the regularity con-
ditions at the origin; see below Sec. III for details. At
nuclear density the phase-transition to the “solid” crust
takes place. Thus, the radius of the core Rcore is given by
E(r = Rcore)/c2 = ρnuc. These equations must be solved
with the boundary conditions given by the fulfillment of
the condition of global charge neutrality and the continu-
ity of the Klein potentials of particles between the core
and the crust.
B. Core-crust transition layer equations
In the core-crust interface, the mean-field approxima-
tion for the meson-fields is not valid any longer and
thus a full numerical integration of the meson-field equa-
tions of motion, taking into account all gradient terms,
must be performed. We expect the core-crust transition
boundary-layer to be a region with characteristic length
scale of the order of the electron Compton wavelength
∼ λe = h¯/(mec) ∼ 100 fm corresponding to the electron
screening scale. Then, in the core-crust transition layer,
the system of equations (14)–(22) reduces to
V ′′ +
2
r
V ′ = −eλcoreeJ0ch , (43)
σ′′ +
2
r
σ′ = eλcore [∂σU(σ) + gsns] , (44)
ω′′ +
2
r
ω′ = −eλcore [gωJω0 −m2ωω] , (45)
ρ′′ +
2
r
ρ′ = −eλcore [gρJρ0 −m2ρρ] , (46)
eνcore/2µe − eV = constant , (47)
eνcore/2µp + eV + gωω + gρρ = constant , (48)
µn = µp + µe + 2 gρρe
−νcore/2 , (49)
due to the fact that the metric functions are essentially
constant on the core-crust transition layer and thus we
can take their values at the core-radius eνcore ≡ eν(Rcore)
and eλcore ≡ eλ(Rcore).
The system of equations of the transition layer has a
stiff nature due to the existence of two different scale
lengths. The first one is associated with the nuclear
interactions ∼ λpi = h¯/(mpic) ∼ 1.5 fm and the sec-
ond one is due to the aforementioned screening length
∼ λe = h¯/(mec) ∼ 100 fm. Thus, the numerical inte-
gration of Eqs. (43)–(49) has been performed subdivid-
ing the core-crust transition layer in the following three
regions: (I) a mean-field-like region where all the fields
vary slowly with length scale ∼ λe, (II) a strongly inter-
acting region of scale ∼ λpi where the surface tension due
to nuclear interactions dominate producing a sudden de-
crease of the proton and the neutron densities and, (III)
a Thomas-Fermi-like region of scale ∼ λe where only a
layer of opposite charge made of electrons is present pro-
ducing the total screening of the positively charged core.
The results of the numerical integration of the equilib-
rium equations are shown in Fig. 1-2 for the NL3-model.
We have integrated numerically Eqs. (14)–(22) for the
models listed in Table I. The boundary conditions for
the numerical integration are fixed through the following
5procedure. We start assuming a value for the central
baryon number density nb(0) = nn(0)+ np(0). From the
regularity conditions at the origin we have e−λ(0) = 1
and ne(0) = np(0).
The metric function ν at the origin can be chosen ar-
bitrarily, e.g. ν(0) = 0, due to the fact that the system of
equations remain invariant under the shift ν → ν+ con-
stant. The right value of ν is obtained once the end of the
integration of the core has been accomplished and duly
matched to the crust, by fulfilling the following identity
at the surface of the neutron star,
eν(R) = e−λ(R) = 1− 2GM(R)
c2R
, (50)
being M(R) and R the total mass and radius of the star.
Then, taking into account the above conditions, we solve
the system (17)–(22) at the origin for the other unknowns
σ(0), ω(0), ρ(0), nn(0), np(0), ne(0).
The initial conditions for the numerical integration of
the core-crust transition layer equations are determined
by the final values given by the numerical integration
of the core equations, i.e. we take the values of all the
variables at the core-radius Rcore.
In the region I the effect of the Coulomb interaction
is clear: on the proton-profile we can see a bump due to
Coulomb repulsion while the electron-profile decreases as
expected. Such a Coulomb effect is indirectly felt also by
the neutrons due to the coupled nature of the system of
equations. However, the neutron-bump is much smaller
than the one of protons and it is not appreciable in Fig. 1-
2 due to the plot-scale. In the region II we see clearly
the effect of the surface tension due to nuclear interac-
tion which produces a sharp decrease of the neutron and
proton profiles in a characteristic scale ∼ λpi . In addi-
tion, it can be seen a neutron skin effect, analogous to
the one observed in heavy nuclei, which makes the scale
of the neutron density falloff slightly larger with respect
to the proton one, in close analogy to the neutron skin
effect observed in neutron rich nuclei, see e.g. [26]. The
region III is characterized by a smooth decreasing of the
electron density which resembles the behavior of the elec-
trons surrounding a nucleus in the Thomas-Fermi model.
The matching to the crust must be done at a radius
Rcore + δR where full charge neutrality of the core is
reached. Different thicknesses δR correspond to differ-
ent electron Fermi energies EFe . The thickness of the
core-crust transition boundary layer δR as well as the
value of the electron density at the edge of the crust,
ncruste = ne(Rcore + δR), depend on the nuclear parame-
ters, especially on the nuclear surface tension.
The equilibrium conditions given by the constancy of
the Klein potentials (20)–(22) throughout the configura-
tion, impose in the transition layer the following conti-
nuity condition
EFe = e
νcore/2µcoree − eV core = eνcrust/2µcruste , (51)
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FIG. 1: Upper panel: electric field in the core-crust transi-
tion layer in units of the critical field Ec. Lower panel: par-
ticle density profiles in the core-crust boundary interface in
units of cm−3. Here we use the NL3-model of Table I and
λσ = h¯/(mσc) ∼ 0.4 fm denotes the sigma-meson Compton
wavelength. The density at the edge of the crust in this ex-
ample is ρcrust = ρdrip = 4.3 × 10
11 g/cm3.
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FIG. 2: The same as Fig. 1, but setting gρ = 0 in order to see
the effects of the ρ-meson with respect to the case gρ 6= 0.
where µcoree = µe(Rcore), eV
core = eV (Rcore), and
µcruste = µe(Rcore + δR), and e
νcrust ≃ eνcore .
In the boundary interface, the electron chemical po-
tential and the density decrease: µcruste < µ
core
e and
ρcrust < ρcore. For each central density, an entire fam-
ily of core-crust interface boundaries exist each one with
a specific value of δR: the larger the ρcrust, the smaller
the δR. Correspondingly, an entire family of crusts with
different mass and thickness, exist. From the continuity
of the electron Klein potential in the boundary inter-
face given by Eq. (51), it follows that different values of
ρcrust ≥ 0 correspond to different values of the electron
Fermi energy EFe ≥ 0. In close analogy to the compressed
6atoms studied in [20], the case EFe = 0 corresponds to
the “free” (uncompressed) configuration, where δR→∞
and ρcrust = 0, i.e. a bare core. In this configuration
the electric field reaches its maximum value. The case
EFe > 0 is analogous to the one of the compressed atom
[20]. In Fig. 3 we have plotted the electron distribution
in the core-crust boundary interface for selected densities
at the edge of the crust ρcrust = [ρdrip, 10
10, 109] g/cm3,
where ρdrip ∼ 4.3× 1011 g/cm3 is the neutron drip den-
sity.
The configuration with ρcrust = ρdrip separates neutron
stars with and without inner crust. In the so-called inner
crust, the neutrons dripped from the nuclei in the crust
form a fluid that coexist with the nuclei lattice and the
degenerate electrons [27]. For definiteness, we present in
this article the results for configurations ρcrust ≤ ρdrip,
i.e for neutron stars possessing only outer crust. The
construction of configurations with ρcrust > ρdrip needs
to be studied in more detail and will be the subject of a
forthcoming work.
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FIG. 3: Distribution of electrons in the core-crust boundary
interface for different densities at the edge of the crust, ρcrust.
The larger the ρcrust, the smaller the electric field E and the
smaller the thickness of the interface δR.
In Figs. 1 and 2, we show the core-crust transition
layer for the NL3 model of Table I with and without
the presence of the ρ-meson respectively. The presence
of the ρ-meson is responsible for the nuclear asymmetry
within this nuclear model. The relevance of the nuclear
symmetry energy on the structure of nuclei and neutron
stars is continuously stressed in literature; see e.g. [28–
32]. The precise value of the nuclear symmetry energy
plays here a crucial in determining the precise value of the
ρ-meson coupling which, in the present case, is essential
in the determination of the intensity of the electric field
in the core-crust boundary interface; as can be seen from
the comparison of Figs. 1 and 2.
C. Crust equations
Turning now to the crust, it is clear from our recent
treatment of white dwarfs [21] that also this problem can
be solved by the adoption of Wigner-Seitz cells and from
the relativistic Feynman-Metropolis-Teller (RFMT) ap-
proach [20] it follows that the crust is clearly neutral.
Thus, the structure equations to be integrated are the
TOV equations
dP
dr
= −G(E + P)(M + 4πr
3P)
r2(1 − 2GMr )
, (52)
dM
dr
= 4πr2E , (53)
where M =M(r) is the mass enclosed at the radius r.
The effects of the Coulomb interaction in “solid”-like
electron-ion systems appears only at the microscopic level
e.g. Debye-Hueckel screening in classical systems [33] and
Thomas-Fermi screening in the degenerate case [34]. In
order to analyze the effects of the microscopic screening
on the structure of the configuration we will consider two
equations of state for the crust: the locally neutral case or
uniform approximation (see e.g. [35]) and, for simplicity,
instead of using the RFMT EoS [20], we use as second
EoS the one due to Baym, Pethick and Sutherland (BPS)
[27], which is by far the most used equation of state in
literature for the description of the neutron star crust
(see e.g. [3]).
In the uniform approximation, both the degenerate
electrons and the nucleons distribution are considered
constant inside each cell of volume Vws. This kind of
configuration can be obtained only imposing microscop-
ically the condition of local charge neutrality
ne =
Z
Vws
. (54)
The total pressure of the system is assumed to be en-
tirely due to the electrons, i.e.
P = Pe = 2
3 (2πh¯)
3
∫ PF
e
0
c2p24πp2√
c2p2 +m2ec
4
dp, (55)
while the total energy-density of the system is due to
the nuclei, i.e. E=(A/Z)mNne, where mN is the nucleon
mass.
We turn now to the BPS equation of state. The first
correction to the uniform model, corresponds to aban-
don the assumption of the electron-nucleon fluid through
the so-called “lattice” model which introduces the con-
cept of Wigner-Seitz cell: each cell of radius Rws con-
tains a point-like nucleus of charge +Ze with A nucleons
surrounded by a uniformly distributed cloud of Z fully-
degenerate electrons.
The sequence of the equilibrium nuclides present at
each density in the BPS equation of state is obtained by
looking for the nuclear composition that minimizes the
energy per nucleon for each fixed nuclear composition
7(Z,A) (see Table II and [27] for details). The pressure P
and the energy-density E of the system are, within this
model, given by
P = Pe + 1
3
WLnN , (56)
E
nb
=
WN +WL
A
+
Ee(nbZ/A)
nb
, (57)
where the electron energy-density is given by
Ee = 2
(2π)3
∫ PF
e
0
√
p2 +m2e4πp
2dp, (58)
and WN (A,Z) is the total energy of an isolated nucleus
given by the semi-empirical formula
WN = mnc
2(A− Z) +mpc2Z − bA, (59)
with b being the Myers and Swiatecki binding energy per
nucleon [36]. The lattice energy per nucleus WL is given
by
WL = −1.819620Z
2e2
a
, (60)
where the lattice constant a is related to the nucleon
density nN by nNa
3 = 2.
III. NEUTRON STAR STRUCTURE
In the traditional TOV treatment the density and the
pressure are a priori assumed to be continuous as well
as the local charge neutrality of the system. The dis-
tinguishing feature of our new solution is that the Klein
potentials are constant throughout the three regions; the
core, the crust and the transition interface boundary. An
overcritical electric field is formed and consequently a
discontinuity in density is found with a continuous total
pressure including the surface tension of the boundary.
In Figs. 4 and 5, we compare and contrast the density
profiles of configurations obtained from the traditional
TOV treatment and with the treatment presented here.
In Figs. 6–12 we show the results of the numerical in-
tegration of the system of the general relativistic consti-
tutive equations of the configuration from the center all
the way up to the surface with the appropriate boundary
conditions between the involved phases. In particular, we
have plotted the mass-radius relation as well as the com-
pactness of the neutron stars obtained with the models
listed in Table I.
It is worth to note that the inclusion of the Coulomb
interaction and in particular the presence of the negative
lattice energy WL results in a decreasing of the pressure
of the cells. Such an effect, as shown in Fig. 9–12, leads
to a decreasing of the mass and the thickness of the crust
with respect to the uniform-approximation case where no
Coulomb interactions are taken into account.
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FIG. 4: Upper panel: electric field in the core-crust transition
layer, in units of the critical field Ec. Middle panel: particle
density profiles in the core-crust boundary interface, in units
of cm−3. Lower panel: density profile inside a neutron star
with central density ρ(0) ∼ 5ρnuc. We compare and contrast
the structural differences between the solution obtained from
the traditional TOV equations (locally neutral case) and the
globally neutral solution presented here. We use here the NL3
nuclear parametrization of Table I and λσ = h¯/(mσc) ∼ 0.4
fm, denotes the sigma-meson Compton wavelength. In this
example the density at the edge of the crust is ρcrust = ρdrip =
4.3× 1011 g/cm3.
Comparing the mass and the thickness of the crust ob-
tained with these two different EoS, we obtain systemati-
cally crusts with smaller mass and larger thickness when
Coulomb interactions are taken into account. This re-
sults are in line with the recent results in [21], where
the mass-radius relation of white-dwarfs has been calcu-
lated using an EoS based on the relativistic Feynman-
Metropolis-Teller model for compressed atoms [20].
In the case of the BPS EoS, the average nuclear com-
position in the outer crust, namely the average charge
to mass ratio of nuclei Z/A, is obtained by calculating
the contribution of each nuclear composition present to
the mass of the crust. We exemplified the analysis for
two different cores: Mcore = 2.56M⊙, Rcore = 12.79 km;
Mcore = 1.35M⊙, Rcore = 11.76 km. The relative abun-
dance of each nuclide within the crust of the star can be
obtained as
R.A. =
1
MBPScrust
∫
∆r
4πr2Edr , (61)
where the integration is carried out in the layer of thick-
ness ∆r where the particular nuclide is present; see II and
Fig. 13. Our results are in agreement with the analysis on
the neutron star crust composition obtained in [37, 38].
In both cases we obtain as average nuclear composition
105
35 Br. The corresponding crusts with fixed nuclear com-
80 300 600 900 1200 1500 1800
1034
1036
1038
n
i
(c
m

3
)
(rRcore)/
neutrons
protons
electrons
0
600
1200
1800
E
/
E
c
0 2 4 6 8 10 12
108
1011
1014
ff
(g
/
cm
3
)
CORE
Global Neutrality
Local Neutrality
12.5 12.8 13.1 13.4
108
1011
1014CRUST
r (km)
FIG. 5: Same as Fig. 4. In this example the density at the
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10 g/cm3.
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FIG. 6: Mass-Radius relation for the neutron stars obtained
with the nuclear models listed in Table I. In the crust we have
used the BPS equation of state. The mass is given in solar
masses and the radius in km.
position 10535 Br for the two chosen cores are calculated ne-
glecting Coulomb interactions (i.e. using the first EoS).
The mass and the thickness of these crusts with fixed
105
35 Br are different with respect to the ones obtained us-
ing the full BPS EoS, leading to such average nuclear
composition. For the two selected examples we obtain
that the mass and the thickness of the crust with aver-
age 10535 Br are, respectively, 18% larger and 5% smaller
with respect to the ones obtained with the correspond-
ing BPS EoS. This result shows how small microscopic
effects due to the Coulomb interaction in the crust of the
neutron star leads to quantitative not negligible effects
on the macroscopic structure of the configuration.
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FIG. 7: Compactness of the star GM/(c2R) as a function of
the star massM . In the crust we have used the BPS equation
of state and the nuclear models are in Table I.
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of state and the nuclear models are in Table I.
IV. OBSERVATIONAL CONSTRAINTS ON THE
MASS-RADIUS RELATION
It has been recently pointed out that the most up-
to-date stringent constraints to the mass-radius relation
of neutron stars are provided by the largest mass, the
largest radius, the highest rotational frequency, and the
maximum surface gravity, observed for pulsars [39].
So far, the highest neutron star mass measured with a
high level of experimental confidence is the mass of the
3.15 millisecond pulsar PSR J1614-2230, M = 1.97 ±
0.04M⊙, obtained from the Shapiro time delay and the
Keplerian orbital parameters of the binary system [40].
The fitting of the thermonuclear burst oscillation light
curves from the accreting millisecond pulsar XTE J1814-
338 weakly constrain the mass-radius relation impos-
9Equilibrium Nuclei Below Neutron Drip
Nucleus Z ρmax(g cm
−3) ∆ R1 (km) R.A.1(%) ∆ R2 (km) R.A.2(%)
56Fe 26 8.1 × 106 0.0165 7.56652 × 10−7 0.0064 6.96927 × 10−7
62Ni 28 2.7 × 108 0.0310 0.00010 0.0121 0.00009
64Ni 28 1.2 × 109 0.0364 0.00057 0.0141 0.00054
84Se 34 8.2 × 109 0.0046 0.00722 0.0017 0.00683
82Ge 32 2.2× 1010 0.0100 0.02071 0.0039 0.01983
80Zn 38 4.8× 1010 0.1085 0.04521 0.0416 0.04384
78Ni 28 1.6× 1011 0.0531 0.25635 0.0203 0.25305
76Fe 26 1.8× 1011 0.0569 0.04193 0.0215 0.04183
124Mo 42 1.9× 1011 0.0715 0.02078 0.0268 0.02076
122Zr 40 2.7× 1011 0.0341 0.20730 0.0127 0.20811
120Sr 38 3.7× 1011 0.0389 0.23898 0.0145 0.24167
118Kr 36 4.3× 1011 0.0101 0.16081 0.0038 0.16344
TABLE II: ρmax is the maximum density at which the nuclide is present;∆ R1, ∆ R2 and R.A.1(%), R.A.2(%) are rispectively
the thickness of the layer where a given nuclide is present and their relative abundances in the outer crust for two different
cases: Mcore = 2.56M⊙, Rcore = 12.79 km; Mcore = 1.35M⊙, Rcore = 11.76 km.
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FIG. 9: Mass of the crust as a function of the compactness
for the crust EoS without Coulomb interactions.
ing an upper limit to the surface gravity of the neu-
tron star, GM/(c2R) < 0.24 [41]. A lower limit of
the radius of RX J1856-3754, as seen by an observer
at infinity R∞ = R[1 − 2GM/(c2R)]−1/2 > 16.8 km,
has been obtained from the fit of the optical and X-
ray spectra of the source [42]; it gives the constraint
2GM/c2 > R− R3/(Rmin∞ )2, being Rmin∞ = 16.8 km. As-
suming a neutron star of M = 1.4M⊙ to fit the Chandra
data of the low-mass X-ray binary X7, it turns out that
the radius of the star satisfies R = 14.5+1.8
−1.6 km, at 90%
confidence level, corresponding to R∞ = [15.64, 18.86]
km, respectively (see [43] for details). The maximum ro-
tation rate of a neutron star taking into account both the
effects of general relativity and deformations has been
found to be νmax = 1045(M/M⊙)
1/2(10 km/R)3/2 Hz,
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FIG. 10: Crust-thickness as a function of the compactness for
the crust EoS without Coulomb interactions.
largely independent of the equation of state [44]. The
fastest observed pulsar is PSR J1748-2246ad with a ro-
tation frequency of 716 Hz [45], which results in the con-
straint M ≥ 0.47(R/10 km)3M⊙. In Fig. 14 we show all
these constraints and the mass-radius relation presented
in this article.
As discussed by J. E. Tru¨mper in [39], the above con-
straints strongly favor stiff equations of state which pro-
vide high maximum masses for neutron stars. In addi-
tion, putting all of them together, the radius of a canon-
ical neutron star of mass M = 1.4M⊙ is highly con-
strained to the range R >∼ 12 km disfavoring, at the
same time, the strange quark hypothesis for these spe-
cific objects. It is clear from Fig. 14 that the mass-radius
relation presented here is consistent with all the observa-
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FIG. 11: Crust mass as a function of the compactness for
crust with the BPS EoS.
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FIG. 12: Crust thickness as a function of the compactness for
crust with the BPS EoS.
tion constraints, for all the nuclear parametrizations of
Table I. We present in Table III, the radii predicted by
our mass-radius relation for a canonical neutron star of
M = 1.4M⊙ as well as for the millisecond pulsar PSR
J1614-2230,M = 1.97± 0.04M⊙.
M(M⊙) RNL3 RNL−SH RTM1 RTM2
1.40 12.31 12.47 12.53 12.93
1.93 12.96 13.14 13.13 13.73
2.01 13.02 13.20 13.17 13.82
TABLE III: Radii (in km) predicted by the nuclear
parametrizations NL3, NL-Sh, TM1 and TM2 of Table I, for a
canonical neutron star of M = 1.4M⊙ and for the millisecond
pulsar PSR J1614-2230, M = 1.97± 0.04M⊙.
7.56652´10-7
0.000100257
0.000573696
0.00722231
0.0207101
0.0452611
0.256348
0.0419303
0.0207749
0.207296
0.238978
0.160805
Fe56 Ni63 Ni64 Se84 Ge82 Zn80 Ni78 Fe76 Mo124 Zr122 Sr120 Kr118
6.96927´10-7
0.0000929709
0.000535647
0.00682903
0.0198298
0.0438411
0.253049
0.0418346
0.0207599
0.208114
0.241673
0.163439
Fe56 Ni63 Ni64 Se84 Ge82 Zn80 Ni78 Fe76 Mo124 Zr122 Sr120 Kr118
FIG. 13: Relative abundances of chemical elements in the
crust for the two cores analyzed in Table II
V. COMPARISON WITH THE TRADITIONAL
TOV TREATMENT
In the traditional TOV treatment local charge neu-
trality as well as the continuity of the pressure and the
density in the core-crust transition are assumed. This
leads to explicit violation of the constancy of the Klein
potentials throughout the configuration (see e.g. [9]). In
such a case there is a smooth transition from the core to
the crust without any density discontinuity and therefore
the density at the edge of the crust is ∼ ρnuc ∼ 2.7×1014
g/cm3. The so-called inner crust in those configurations
extends in the range of densities ρdrip <∼ ρ <∼ ρnuc while,
at densities ρ <∼ ρdrip, there is the so-called outer crust.
In Figs. 15 and 16 we compare and contrast the mass
and the thickness of the crust as obtained from the tradi-
tional TOV treatment with the new configurations pre-
sented here, discussed previously in Secs. II and III char-
acterized by ρcrust = ρdrip.
The markedly differences both in mass and thickness
of the crusts (see Figs. 15 and 16) obtained from the tra-
ditional Tolman-Oppenheimer-Volkoff approach and the
new equilibrium configurations presented here, leads to
a very different mass-radius relations which we compare
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FIG. 14: Constraints on the mass-radius relation given by
J. E. Tru¨mper in [39] and the theoretical mass-radius relation
presented in this article in Fig. 6. The solid line is the upper
limit of the surface gravity of XTE J1814-338, the dotted-
dashed curve corresponds to the lower limit to the radius of
RX J1856-3754, the dashed line is the constraint imposed by
the fastest spinning pulsar PSR J1748-2246ad, and the dotted
curves are the 90% confidence level contours of constant R∞
of the neutron star in the low-mass X-ray binary X7. Any
mass-radius relation should pass through the area delimited
by the solid, the dashed and the dotted lines and, in addition,
it must have a maximum mass larger than the mass of PSR
J1614-2230, M = 1.97± 0.04M⊙.
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this article. We use here the NL3 nuclear model, see Table I.
and contrast in Fig. 17.
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FIG. 16: Thickness of the crust given by the traditional locally
neutral Tolman-Oppenheimer-Volkoff treatment and by the
new globally neutral equilibrium configurations presented in
this article. We use here the NL3 nuclear model, see Table I.
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VI. CONCLUDING REMARKS
We have formulated the equations of equilibrium of
neutron stars based on our recent works [10] and [9, 20,
21]. The strong, weak, electromagnetic, and gravitational
interactions are taken into due account within the frame-
work of general relativity. In particular, the strong in-
teractions between nucleons is described by the exchange
of the σ, ω, and ρ mesons. The equilibrium conditions
are given by the set of Einstein-Maxwell-Thomas-Fermi
equations and by the constancy of the general relativistic
Fermi energies of particles, the Klein potentials, through-
out the configuration.
We have solved these equilibrium equations numeri-
12
cally, in the case of zero temperatures, for the nuclear
parameter sets NL3 [22], NL-SH [23], TM1 [24], and TM2
[25]; see Table I for details.
A new structure of the star is found: the positively
charged core at supranuclear densities is surrounded by
an electronic distribution of thickness >∼ h¯/(mec) ∼
102h¯/(mpic) of opposite charge and, at lower densities,
a neutral ordinary crust.
In the core interior the Coulomb potential well is
∼ mpic2/e and correspondingly the electric field is ∼
(mp/mPlanck)(mpi/me)
2Ec ∼ 10−14Ec. Due to the equi-
librium condition given by the constancy of the Klein
potentials, there is a discontinuity in the density at the
transition from the core to the crust, and correspondingly
an overcritical electric field ∼ (mpi/me)2Ec develops in
the boundary interface; see Fig. 1–2.
The continuity of the Klein potentials at the core-crust
boundary interface leads to a decreasing of the electron
chemical potential and density, until values µcruste < µ
core
e
and ρcrust < ρcore at the edge of the crust, where global
charge neutrality is achieved. For each central density,
an entire family of core-crust interface boundaries and,
correspondingly, an entire family of crusts with different
mass and thickness, exist. The larger ρcrust, the smaller
the thickness of the interface, the peak of the electric
field, and the larger the mass and the thickness of the
crust. The configuration with ρcrust = ρdrip ∼ 4.3× 1011
g/cm3 separates neutron stars with and without inner
crust. The neutron stars with ρcrust > ρdrip deserve a
further analysis in order to account for the reduction of
the nuclear tension at the core-crust transition due to the
presence of dripped neutrons from the nuclei in the crust.
All the above new features lead to crusts with masses
and thickness smaller than the ones obtained from the
traditional TOV treatment, and we have shown specifi-
cally neutron stars with ρcrust = ρdrip; see Figs. 15–16.
The mass-radius relation obtained in this case have been
compared and contrasted with the one obtained from the
locally neutral TOV approach; see Fig. 17. We have
shown that our mass-radius relation is in line with ob-
servations, based on the recent work by J. E. Tru¨mper
[39]; see Fig. 14 for details.
The electromagnetic structure of the neutron star pre-
sented here is of clear astrophysical relevance. The pro-
cess of gravitational collapse of a core endowed with elec-
tromagnetic structure leads to signatures and energet-
ics markedly different from the ones of a core endowed
uniquely of gravitational interactions; see e.g. [46–49].
It is clear that the release of gravitational energy in the
process of gravitational collapse of the core, following the
classic work of Gamow and Schoenberg (see [50, 51]), is
carried away by neutrinos. The additional nuclear and
electromagnetic energy ∼ 1051 erg of the collapsing core
introduced in this article are expected to be carried away
by electron-positron plasma created in the overcritical
electromagnetic field in the collapsing core.
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